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Abstract

This article examines graph entropy measures that depend on the number of dominating and
power-dominating sets. To quantify the structural complexity of a graph structure, one uses
graph entropies. It is easy to compute these properties for smaller networks, and if reliable ap-
proximations are developed, similar metrics can also be used for larger graphs. Using various
graph invariants, many graph entropy measures have already been established and computed.
So, in this work, a new graph entropy measure, namely, power domination entropy, using the
power domination polynomial, is introduced. The domination and power domination polyno-
mials of graphs are used to determine the number of dominating and power dominating sets.
Let D(G, ξ) represent the collection of all dominating sets of G with size ξ, dξ(G) = |D(G, ξ)|,
and γs be the total number of dominating sets of G. Then, the domination entropy of G with n

nodes is defined as Idom(G) = −
n∑

ξ=1

dξ(G)

γs(G)
log

(
dξ(G)

γs(G)

)
. The domination and power domi-

nation entropies for a few graphs are further computed. Following that, a comparison between
the domination and power domination entropies of several graphs is provided.
Keywords: graph entropy measures; domination; domination polynomial; power domination;

power domination polynomial.
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1 Introduction

The characterization of the complexity of network systems is one of the major difficulties faced
bymodern research [15, 26]. There are twomain methods for measuring complexity: computable
and uncomputable. Traditional computable complexitymeasurements are graph entropies, which
are derived from Shannon’s entropy formula [28]. The concept of graph entropy, introduced by
Rashevsky [25] in 1955, is based on partitioning vertices into equivalence classes according to their
degrees. Mowshowitz [22] later expanded this framework by incorporating graph automorphism
groups. Building on these foundations, Mowshowitz [20], in 1968, applied information theory to
explore both chemical and mathematical structures, establishing a broader relevance of entropy
measures in these fields. The automorphismgroupof a graph’s symmetry serves as the foundation
for this measure. Larger entropy values result from poor symmetry and high element variety in a
complex system [7, 5], and vice versa. Using graph entropies, one can compare the complicated
graph structures. As noted in [29], it could be useful to define new graph entropies based on
different graph invariants.

Domination entropy, an entropy measure derived from the dominating sets, is presented in
[27]. This motivated us to derive the domination entropy of more graph structures. In this paper,
the domination entropy is computed for certain graphs. Sometimes two different graph structures
give the same entropy measure, which is one of the most challenging problems in this area. So,
finding a suitable graph entropy measure to analyze the structure of a graph is more important.
Since the power domination problem is computationally demanding, in this paper, a new graph
entropy measure, namely, power domination entropy, using the power dominating sets, is intro-
duced and studied for various graphs, besides the comparison between domination entropy and
power domination entropy of some graphs. And we conclude that domination entropy has more
discriminating power than power domination entropy. In order to define this entropy, Dehmer’s
information functional approach [12] is used. Throughout this paper, we refer to the dominating
set as DS, the domination polynomial as DP, and the power domination polynomial as PDP for
the sake of convenience.

1.1 Basic definitions

Let G be a simple graph with the node set V (G) and the line set E(G). The path, cycle, com-
plete, wheel and star graph of order n are denoted by Pn, Cn, Kn, Wn and Sn, respectively. The
n-barbell graph Barn on 2n nodes is formed by joining two copies of a complete graph Kn by a
single line, shown in Figure 1.

Figure 1: The barbell graph of order 16, Bar8.

The graphwith nodes a1, a2, . . . , a2s is knownas the cocktail party graphCP (s) of order 2s if all
pairs of distinct nodes form lines in this graph, except for the pairs {a1, a2}, {a3, a4}, . . . , {a2s−1, a2s}.
The r-book graphBr is constructed by bonding r copies of C4 along a common line, see Figure 2.
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Figure 2: The book graphBr .

The graph created by joining n copies of C3 with a common node is called the friendship (or
Dutch-Windmill) graph Fn. A cone graph, also known as a generalized wheel graph, Cm,n, is
defined by the graph join Cm +Kn. A fan graph Fm,n is Km + Pn. The graph formed by taking
m copies ofKn with a node in common is called the (m,n)-windmill graphWm

n . This means that
mKn−1 +K1 is isomorphic to the (m,n)-windmill graph.

Two nodes x, y ∈ V (G) are adjacent, or neighbors, if {x, y} ∈ E(G).
Definition 1.1. [30] If every node outside ofD ⊆ V (G) is neighbor to at least one node insideD, thenD
is a DS of G. γ(G) represents the domination number of G, which is the lowest of the cardinalities of the
DS of G.

Refer [1, 16] for further information on domination in graphs.
Definition 1.2. [30] If a set Q of nodes observes every node in G by the following rules:

• all nodes in Q and all neighbors of nodes in Q are observed,

• whenever a node v inG is observed and all but one of its neighbors, say w, are observed, then the node
w is also observed by v,

then it is considered a power dominating set (PDS). The lowest size of a PDS ofG is its power domination
number, γp(G).

Definition 1.3. [2] The collection of all dominating sets ofG with size ξ is represented byD(G, ξ) and let
dξ(G) = |D(G, ξ)|. Then the DP, D(G, y) of G is,

D(G, y) =

|V (G)|∑
ξ=γ(G)

dξ(G)yξ.

Definition 1.4. [2] Let γs(G) represents the total number of sets that dominate G. Then,

γs(G) =

|V (G)|∑
ξ=γ(G)

dξ(G).

Or, γs(G) is obtained by putting y=1 in the domination polynomial.

Definition 1.5. [9] The collection of all PDS of G with size ξ is represented by P (G, ξ), and pξ(G) =
|P (G, ξ)|. Thus, the following equation introduces the PDP, P (G, y) of G:

P (G, y) =

|V (G)|∑
ξ=γp(G)

pξ(G)yξ.
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Denote the total number of PDS by (γp)s. Consider the cycleC4 : x1x2x3x4. To power dominate
C4, one node that is enough to power dominate the other three nodes. Thus γp(C4) = 1. The set of
PDS ofC4 with cardinality one is P (G, 1) = {{x1}, {x2}, {x3}, {x4}}, and p1(G) = 4. Furthermore,
the set of PDSofC4 with cardinality two isP (G, 2) = {{x1, x2}, {x1, x3}, {x1, x4}, {x2, x3}, {x2, x4},
{x3, x4}}, and p2(G) = 6, the set of PDS of C4 with cardinality three is P (G, 3) = {{x1, x2, x3},
{x1, x2, x4}, {x1, x3, x4}, {x2, x3, x4}}, and p3(G) = 4.

Finally, the PDS of C4 with cardinality four is P (G, 4) = {x1, x2, x3, x4}, and p4(G) = 1. Con-
sequently, P (C4, y) = y4 + 4y3 + 6y2 + 4y. It is noted that there are fifteen PDS in total for C4, i.e,
(γp)s(C4) = 15, and it is derived straight from the power domination polynomial’s coefficients.
As a result, the following definition can be stated:
Definition 1.6. [9] For a given G, suppose (γp)s represents the total number of PDS. Then,

(γp)s =

|V (G)|∑
ξ=γp(G)

pξ(G).

Or, (γp)s is obtained by putting y=1 in the power domination polynomial.

Definition 1.7. [12] Dehmer’s information functional approach is utilised to define the entropy of G.
“Given T = {t1, t2, . . . , tr}, allow f : T → R+ to be an information functional, such that T is a set of
elements of G. Then, the following definition of entropy is given:

If (G) = −
r∑

i=1

f(ti)
r∑

j=1

f(tj)
log

 f(ti)
r∑

j=1

f(tj)



= log

(
r∑

i=1

f(ti)

)
−

r∑
i=1

f(ti) log f(ti)

r∑
j=1

f(tj)
,

where logarithmic phrases have base 2".

Definition 1.8. [27] The domination entropy of G with n nodes is defined by,

Idom(G) = If (G) = −
n∑

ξ=1

dξ(G)

γs(G)
log

(
dξ(G)

γs(G)

)
.

In this case, dξ(G) = 0 for every ξ < γ(G), and dn−1(G) = n. With a new information func-
tional, the power domination entropy can now be defined.
Example 1.1. If P is a Petersen graph, then Idom(P ) = 2.05754.

Solution: The DP of the petersen graph P is,

D(P, x) =x10 +

(
10

9

)
x9 +

(
10

8

)
x8 +

(
10

7

)
x7 +

((
10

6

)
− 10

)
x6+((

10

5

)
− 60

)
x5 + 75x4 + 10x3.
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Thus, by Definition 1.4,

γs(P ) =

10∑
i=3

di(P )

= 1 +

(
10

9

)
+

(
10

8

)
+

(
10

7

)
+

(
10

6

)
− 10 +

(
10

5

)
− 60 + 75 + 10

= 443.

Then,

Idom(P ) = log 443− 1

443

(
10∑
i=3

di(G) log (di(G))

)
= 2.05754.

Definition 1.9. By taking the information functional f = pξ(G) in the Definition 1.7 , the power domi-
nation entropy is defined as,

Ipdom(G) = If (G) = −
n∑

ξ=1

pξ(G)

(γp)s(G)
log

(
pξ(G)

(γp)s(G)

)
,

where pξ(G) = 0 for all ξ < γp(G), pn−1(G) = n, & pn(G) = 1.

2 Related Works

In the past fewyears, numerous investigations have been conducted to ascertain the complexity
of the networks. Graph entropy measurements have been widely applied in transdisciplinary re-
search, encompassing fields such as biology, chemistry, and information science [8]. Bonchev [4]
provided foundational insights into using information-theoretic indices for characterizing chem-
ical structures, establishing their importance in quantitative analysis. Extending these concepts,
Bonchev and Buck [6] explored quantitative measures of network complexity, highlighting their
relevance in diverse scientific domains. More recently, Chen et al. [11] investigated network aes-
thetics based on symmetry, demonstrating the evolving applications of entropy measures in un-
derstanding complex networks. Mowshowitz [21] applied information theory to analyze chemical
and mathematical structures, pioneering the use of entropy measures in graph theory.

Randic and Plavsic [24] further characterized molecular complexity, emphasizing the signif-
icance of structural properties in chemistry. Their work introduced novel methods to quantify
molecular complexity and demonstrated its relevance to quantum chemical applications [23].
Building on these ideas, Mowshowitz and Dehmer [20] revisited graph entropy and complexity,
offering a contemporary perspective on its role in understanding graph structures. Most graph
entropies are derived from the Shannon entropy to determine the graphs’ complexity. Numer-
ous graph entropy measures are available in the literature, and they are derived from the graph’s
order, degree sequence, distance, characteristic polynomials, and other graph polynomials [14].
Recently, there has been introduction of graph entropies, which are associated with molecular de-
scriptors. The definition of graph entropy measures [10] and their further investigation [29] are
based on matchings and independent sets. Mowshowitz and Dehmer [17] also look into various
relationships between the graph’s complexity and Hosoya entropy. The study [13] applies vari-
ous graph entropies to quantify structural complexity across different application areas, including
biological, social, and technological networks.
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3 Main Results

This section includes the domination and power domination entropy of some graphs.

3.1 Domination entropy of some graphs

Alikhani and Peng [2] established the concept of domination polynomials. Domination poly-
nomials were also found forKn□K2, Bn, Barn and CP (n) [18, 19]. This study finds the domina-
tion entropy of these graphs using the domination polynomials.
Theorem 3.1. For a book graph Bs with cardinality 2s+ 2, the domination entropy,

Idom(Bs) = log(3s+1 + 22s − 2)− 1

3s+1 + 22s − 2

[( s−1∑
ξ=2

(
2s

ξ − 2

)
log

(
2s

ξ − 2

))
+

(
s2s +

(
2s

s− 2

)
− 2

)
log

(
s2s +

(
2s

s− 2

)
− 2

)
+

2s+1∑
ξ=s+1

((
s

2s+ 1− ξ)

)
2(2s+2)−ξ

+

(
s

2s− ξ

)
2ξ +

(
2s

ξ − 2

))
log

((
s

2s+ 1− ξ

)
2(2s+2)−ξ +

(
s

2s− ξ

)
2ξ +

(
2s

ξ − 2

))]
.

Proof. From [19],

D(Bs, y) = (y2 + 2y)s(2y + 1) + y2(y + 1)2s − 2ys, (1)

and γ(Bs) = 2. By Definition 1.4, γs(Bs) =
2s+2∑
ξ=2

dξ(G) = 3s+1 + 22s − 2. To find the coefficient of

yξ in (1), we first expand (y2 + 2y)s using the binomial theorem as follows,

(y2 + 2y)s =

s∑
j=0

(
s

j

)
(y2)s−j(2y)j =

s∑
j=0

(
s

j

)
2jy2s−j .

Then,

(y2 + 2y)s(2y + 1) =

s∑
j=0

(
s

j

)
2j(2y2s−j+1 + y2s−j) =

s∑
j=0

(
s

j

)
2j+1y2s−j+1 +

s∑
j=0

(
s

j

)
2jy2s−j .

Now, consider y2(y + 1)2s. By using the binomial theorem to expand (y + 1)2s, we have,

y2(y + 1)2s =

2s∑
j=0

(
2s

j

)
yj+2.

To compute the coefficient of yξ, examine each of these expanded terms. First, for
s∑

j=0

(
s

j

)
2j+1y2s−j+1, substitute 2s− j + 1 = ξ, which gives j = 2s+ 1− ξ. The coefficient of yξ in

this term is
(

s

2s+ 1− ξ

)
22s+2−ξ, valid for s+ 1 ≤ ξ ≤ 2s+ 1.
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Next, in
s∑

j=0

(
s

j

)
2jy2s−j , substitute 2s − j = ξ, giving j = 2s − ξ. The coefficient of yξ in this

case is
(

s

2s− ξ

)
2ξ, valid for s ≤ ξ ≤ 2s.

Finally, in
2s∑
j=0

(
2s

j

)
yj+2, substitute j+2 = ξ, yielding j = ξ−2. The coefficient of yξ is

(
2s

ξ − 2

)
,

valid for 2 ≤ ξ ≤ 2s+ 1.

From the above discussions, one can get,

dξ(Bs) =

(
2s

ξ − 2

)
, for 2 ≤ ξ ≤ s− 1,

ds(Bs) = s2s +

(
2s

s− 2

)
− 2,

dξ(Bs) =

(
s

2s+ 1− ξ)

)
2(2s+2)−ξ +

(
s

2s− ξ

)
2ξ +

(
2s

ξ − 2

)
, for s+ 1 ≤ ξ ≤ 2s+ 1.

It is known that d2s+2(Bs) = 1. Thus,

Idom(Bs) = log(3s+1 + 22s − 2)− 1

3s+1 + 22s − 2

[( s−1∑
ξ=2

(
2s

ξ − 2

)
log

(
2s

ξ − 2

))
+

(
s2s +

(
2s

s− 2

)
− 2

)
log

(
s2s +

(
2s

s− 2

)
− 2

)
+

2s+1∑
ξ=s+1

((
s

2s+ 1− ξ)

)
2(2s+2)−ξ

+

(
s

2s− ξ

)
2ξ +

(
2s

ξ − 2

))
log

((
s

2s+ 1− ξ

)
2(2s+2)−ξ +

(
s

2s− ξ

)
2ξ +

(
2s

ξ − 2

))]
.

Theorem 3.2. For a Barm with order 2m, the domination entropy,

Idom(Barm) = log((2m − 1)2)− 1

(2m − 1)2
×

2m∑
j=2

([(
2m

2m− j

)
− 2

(
m

m− j

)]
log

[(
2m

2m− j

)
− 2

(
m

m− j

)])
.

Proof. From [19], D(Barm, y) = ((1 + y)m − 1)2 and γ(Barm) = 2. By Definition 1.4,
γs(Barm) =

2m∑
j=2

dj(Barm) = (2m − 1)2. To find the coefficient of yj from D(Barm, y), we start by
expanding ((1 + y)m − 1)2 as follows,

((1 + y)m − 1)2 =

(
m∑

k=1

(
m

k

)
yk

)2

=

m∑
k=1

m∑
l=1

(
m

k

)(
m

l

)
yk+l.
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Therefore, to get the coefficient of yj , sum the products of binomial coefficients where k+ l = j
within the valid range for k and l. This is given by,

m∑
k=1

(
m

k

)(
m

j − k

)
.

Using the convolution identity for binomial coefficients, we know that,
m∑

k=0

(
m

k

)(
m

j − k

)
=

(
2m

j

)
.

However, since k and j − k must both be at least 1, we need to exclude the cases where k = 0 or
j − k = 0, which results in exclusion of 2

(
m

j

)
.

Thus, the coefficient of yj is
(
2m

j

)
− 2

(
m

j

)
, for 2 ≤ j ≤ 2m. Using the symmetry property,(

2m

j

)
=

(
2m

2m− j

)
and (mj ) = ( m

m− j

)
, where

(
m

m− j

)
= 0 for j > m.

From the above, one can get dj(Barm) =

(
2m

2m− j

)
− 2

(
m

m− j

)
for 2 ≤ j ≤ 2m, where(

m

m− j

)
= 0 for j > m.

Thus, the domination entropy of Barm is,

Idom(Barm) = log((2m − 1)2)− 1

(2m − 1)2
×

2m∑
j=2

([(
2m

2m− j

)
− 2

(
m

m− j

)]
log

[(
2m

2m− j

)
− 2

(
m

m− j

)])
.

Theorem 3.3. For a Kr□K2, the domination entropy,

Idom(Kr□K2) = log((2r − 1)2 + 2)− 1

(2r − 1)2 + 2

[ 2r∑
j=1
j ̸=r

((
2r

2r − j

)
− 2

(
r

r − j

))

log

((
2r

2r − j

)
− 2

(
r

r − j

))
+

((
2r

r

)
log

(
2r

r

))]
.

Proof. It is known that D(Kr□K2, y) = ((1 + y)r − 1)2 + 2yr. From the Definition 1.4,
γs(Kr□K2) =

2r∑
j=1

dj(G) = (2r−1)2+2. To determine the coefficients of the polynomialD(Kr□K2, y),
we first expand ((1 + y)r − 1)2 as follows,

((1 + y)r − 1)2 =

(
r∑

k=1

(
r

k

)
yk

)2

=

2r∑
m=2

(
m−1∑
k=1

(
r

k

)(
r

m− k

))
ym.
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Then,

D(Kr□K2, y) =

2r∑
m=2

(
m−1∑
k=1

(
r

k

)(
r

m− k

))
ym + 2yr.

Therefore, the coefficient of yj for j ̸= r is
j−1∑
k=1

(
r

k

)(
r

j − k

)
=

(
2r

j

)
−
(
r

j

)
and for j = r, the

coefficient is
r−1∑
k=1

(
r

k

)(
r

r − k

)
+ 2 =

(
2r

r

)
−
(
r

r

)
+ 2 =

(
2r

r

)
+ 1.

From the above, one can determine the number of dominating sets as,

dj(Kr□K2) =


(

2r

2r − j

)
−
(

r

r − j

)
, for j ̸= r,(

2r

r

)
+ 1, for j = r,

where for j > r,
(

r

r − j

)
= 0. Therefore, the domination entropy of Kr□K2 is,

Idom(Kr□K2) = log(γs(Kr□K2))−
1

γs(Kr□K2)

2r∑
j=1

dj(Kr□K2) log(dj(Kr□K2))

= log((2r − 1)2 + 2)− 1

(2r − 1)2 + 2

[ 2r∑
j=1
j ̸=r

((
2r

2r − j

)
− 2

(
r

r − j

))

log

((
2r

2r − j

)
− 2

(
r

r − j

))
+

((
2r

r

)
log

(
2r

r

))]
.

Theorem 3.4. Let CP (k) be a cocktail party graph with order 2k. Then,

Idom(CP (k)) = log (22k − 2k − 1)− 1

22k − 2k − 1

(
2k∑
i=2

(
2k

i

)
log

(
2k

i

))
.

Proof. The domination polynomial of CP (k) is D(CP (k), y) = (1 + y)2k − 2ky − 1. Therefore,
γs(CP (k)) = 22k − 2k − 1. By expanding (1 + y)2k using the binomial theorem, we get

(1 + y)2k − 1 =

2k∑
i=1

(
2k

i

)
yi. Then, (1 + y)2k − 2ky − 1 =

2k∑
i=2

(
2k

i

)
yi. Thus, the coefficient of yi in

D(CP (k), y) is
(
2k

i

)
.

From the above, d1(CP (k)) = 0 and di(CP (k)) =

(
2k

i

)
for 2 ≤ i ≤ 2k. Thus,

Idom(CP (k)) = log (22k − 2k − 1)− 1

22k − 2k − 1

(
2k∑
i=2

di(G) log di(G)

)

= log (22k − 2k − 1)− 1

22k − 2k − 1

(
2k∑
i=2

(
2k

i

)
log

(
2k

i

))
.

277



K. Geethu and A. Parthiban Malaysian J. Math. Sci. 19(1): 269–287(2025) 269 - 287

3.2 Power domination entropy of some graphs

The power domination polynomial of Kn, Pn, Cn,Wn, Sn and Kn are obtained in [12] and in
this section, power domination entropy of these graphs are obtained. Also, power domination
polynomial andpower domination entropy of someother families of graphs such as Wm

n , Fn, DPn,
Cm,n, and Fm,n are derived.
Theorem 3.5. [12] P (Kn, y) = P (Pn, y) = P (Cn, y) = P (Wn, y) = (y + 1)n − 1.
Theorem 3.6. For a Kn,

Ipdom(Kn) = log (2n − 1)− 1

2n − 1

n∑
i=1

(
n

i

)
log

(
n

i

)
.

Proof. P (Kn, y) = (1+y)n−1 is the PDP ofKn. It follows that (γp)s = 2n−1. The coefficient of yi

in the polynomial P (Kn, y) can be determined by examining its expansion P (Kn, y) =

n∑
i=1

(
n

i

)
yi.

Here, for 1 ≤ i ≤ n, the coefficient of yi is
(
n

i

)
.

Thus, for 1 ≤ i ≤ n, pi(G) =

(
n

i

)
. Furthermore, γp(Kn) = 1.

Hence,

Ipdom(Kn) = log((γp)s)−
1

(γp)s

n∑
i=1

pi(Kn) log(pi(Kn))

= log (2n − 1)− 1

2n − 1

n∑
i=1

(
n

i

)
log

(
n

i

)
.

Remark 3.1. Similarly, one can derive the power domination entropy of Pn, Cn, and Wn as derived in
above theorem since the power domination polynomials of Kn, Pn, Cn, and Wn are the same.
Theorem 3.7. For a Kn, Ipdom(Kn) = −n log n.

Proof. SinceKn is the complement ofKn,Kn be the empty graph onnnodes. Then,P (Kn, y) = yn.
Since the sum of the coefficients of P (Kn, y) is 1, (γp)s(Kn) = 1 and γp(Kn) = 1. Thus,

Ipdom(Kn) = −n log n.

Theorem 3.8. For a Sr,

Ipdom(Sr) = log(2r−1 + r)− 1

2r−1 + r

[ r−3∑
i=2

(
r − 1

i− 1

)
log

(
r − 1

i− 1

)
+(

2(r − 1)

)
log

(
2(r − 1)

)
+ 2 log 2

]
.
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Proof. The power domination polynomial of Sr is P (Sr, y) = y(y + 1)r−1 + yr−1 + (r− 1)yr−2 for
r ≥ 3. Therefore, (γp)s(Sr) = 2r−1 + r. To expand P (Sr, y), we begin by applying the binomial
expansion to y(y + 1)r−1, yielding

r∑
i=1

(
r − 1

i− 1

)
yi. Then,

P (Sr, y) =

r∑
i=1

(
r − 1

i− 1

)
yi + yr−1 + (r − 1)yr−2,

which implies that,

P (Sr, y) = y +

r−3∑
i=2

(
r − 1

i− 1

)
yi + 2(r − 1)yr−2 + 2yr−1 + yr.

Thus from the above, p1(Sr) = 1, pi(Sr) =

(
r − 1

i− 1

)
for 2 ≤ i ≤ r − 3, pr−2(Sr) = 2(r − 1), and

pr−1(Sr) = 2. Hence,

Ipdom(Sr) = log(2r−1 + r)− 1

2r−1 + r

[ r−3∑
i=2

(
r − 1

i− 1

)
log

(
r − 1

i− 1

)
+

(
2(r − 1)

)
log

(
2(r − 1)

)
+ 2 log 2

]
.

Theorem 3.9. [2] Let n1 and n2 be the nodes of graphs G1 and G2, respectively. If nj > 1, then for every
j ∈ {1, 2}, Ij equals the number of isolates of Gj ; otherwise, it equals zero. Assume G = G1 ∨ G2. After
that, P (G; y) = (1 + I1/y)P (G1; y) + (1 + I2/y)P (G2; y) + ((y + 1)n1 − 1)((y + 1)n2 − 1).

Theorem 3.10. P (Wm
n , y) = ((y + 1)n−1 − 1)m + y(y + 1)mn−m.

Proof. SinceWm
n ≃ mKn−1 ∨K1, by Theorem 3.9 it follows that,

P (Wm
n , y) = P (mKn−1 ∨K1; y)

= (1 + 0)P (mKn−1, y) + (1 + 0)P (K1, y) + ((y + 1)mn−m − 1)((y + 1)1 − 1)

= ((y + 1)n−1 − 1)m + y(y + 1)mn−m.

Theorem 3.11. For a Fn,

P (Fn, y) = (y2 + 2y)n + y(y + 1)2n,

and

Ipdom(Fn) = log(3n + 22n)− 1

3n + 22n

[ n∑
i=1

(
2n

i− 1

)
log

(
2n

i− 1

)
+

2n∑
i=n+1

((
n

i− n

)
22n−i +

(
2n

i− 1

))
log

((
n

i− n

)
22n−i +

(
2n

i− 1

))]
.

Proof. According to Theorem 3.9, since Fn ≃ K1 ∨ nK2,
P (Fn, y) = (1 + 0)P (K1, y) + (1 + 0)P (nK2, y) + ((y + 1)1 − 1)((y + 1)2n − 1)

= (y2 + 2y)n + y(y + 1)2n.
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Since, P (Fn, y) = (y2+2y)n+y(y+1)2n, (γp)s(Fn) = 3n+22n. First, we expand (y2+2y)n using
the binomial theorem, which gives (y2 + 2y)n =

n∑
k=0

(
n

k

)
y2k · 2n−k · yn−k =

n∑
k=0

(
n

k

)
2n−kyn+k.

Thus, the powers of y from this expansion range from yn (when k = 0) to y2n (when k = n), and
the coefficient of yn+k is

(
n

k

)
2n−k.

Next, we expand y(y+1)2n. Then, y(y+1)2n =

2n∑
k=0

(
2n

k

)
yk+1. Therefore, the powers of y from

this expansion range from y1 (when k = 0) to y2n+1 (when k = 2n), and the coefficient of yk+1

is
(
2n

k

)
. For 1 ≤ i ≤ n, so the coefficient of yi is

(
2n

i− 1

)
. For n + 1 ≤ i ≤ 2n, both expansions

contribute and the coefficient of yi is
(

n

i− n

)
22n−i +

(
2n

i− 1

)
.

Thus, pi(Fn) are given by,

pi(Fn) =


(

2n

i− 1

)
, for 1 ≤ i ≤ n,(

n

i− n

)
22n−i +

(
2n

i− 1

)
, for n+ 1 ≤ i ≤ 2n.

Then,

Ipdom(Fn) = log(3n + 22n)− 1

3n + 22n

[ n∑
i=1

(
2n

i− 1

)
log

(
2n

i− 1

)
+

2n∑
i=n+1

((
n

i− n

)
22n−i +

(
2n

i− 1

))
log

((
n

i− n

)
22n−i +

(
2n

i− 1

))]
.

Theorem 3.12. For Cr,s,

P (Cr,s, y) = ((y + 1)r − 1)((y + 1)s) + (y + s)ys−1,

and

Ipdom(Cr,s) = log((2r − 1)2s + (s+ 1))− 1

(2r − 1)2s + (s+ 1)

[ rs∑
i=1

i ̸=s−1,s

((
r + s

i

))
log

((
r + s

i

))

+

((
r + s

s− 1

)
+ s

)
log

((
r + s

s− 1

)
+ s

)
+

((
r + s

s

)
+ 1

)
log

((
r + s

s

)
+ 1

)]
.

Proof. Since Cr,s ≃ Cr ∨Ks, by Theorem 3.9 it follows that,

P (Cr,s, y) = P (Cr ∨Ks; y)

= (1 + 0)P (Cr, y) + (1 +
s

y
)P (Ks, y) + ((y + 1)r − 1)((y + 1)s − 1)

= ((y + 1)r − 1)(y + 1)s + (y + r)ys−1.
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Since, P (Cr,s, y) = ((y + 1)r − 1)((y + 1)s) + (y + s)ys−1, (γp)s(Cr,s) = (2r − 1)2s + (s + 1). To
find the coeffient of yi in P (Cr,s, y), first calculating expansion of ((y+1)r − 1)((y+1)s) using the
binomial theorem. Then,

((y + 1)r − 1)((y + 1)s) =

(
r∑

i=1

(
r

i

)
yi

) s∑
j=0

(
s

j

)
yj

 =

r∑
i=1

s∑
j=0

(
r

i

)(
s

j

)
yi+j .

Additionally, expanding (y + s)ys−1 adds terms ys and sys−1 to the final expression.

The coefficients of yi are derived as follows: for 1 ≤ i ≤ rs and i ̸= s, s − 1, the coefficient is
i∑

j=0

(
r

i− j

)(
s

j

)
=

(
r + s

i

)
.Now, the coefficient of ys−1 is

i∑
j=0

(
r

s− 1− j

)(
s

j

)
+s =

(
r + s

s− 1

)
+s.

Finally, the coefficient of ys is
i∑

j=0

(
r

s− j

)(
s

j

)
+1 =

(
r + s

s

)
+1. Thus, through the use of the

PDP expansion, pi(Cr,s) =

(
r + s

i

)
for 1 ≤ i ≤ rs & i ̸= s, s − 1, Ps−1(Cr,s) =

(
r + s

s− 1

)
+ s and

Ps(Cr,s) =

(
r + s

s

)
+ 1.

Hence,

Ipdom(Cr,s) = log((γp)s)−
1

(γp)s

rs∑
i=1

pi(Cr,s) log(pi(Cr,s))

= log((2r − 1)2s + (s+ 1))− 1

(2r − 1)2s + (s+ 1)

[ rs∑
i=1

i̸=s−1,s

((
r + s

i

))
log

((
r + s

i

))

+

((
r + s

s− 1

)
+ s

)
log

((
r + s

s− 1

)
+ s

)
+

((
r + s

s

)
+ 1

)
log

((
r + s

s

)
+ 1

)]
.

Theorem 3.13. For Fm,n,

P (Fm,n, y) = (y +m)ym−1 + ((y + 1)n − 1)(y + 1)m,

and

Ipdom(Fm,n) = log ((2n − 1)2m +m+ 1)− 1

(2n − 1)2m +m+ 1

[ mn∑
i=1

i̸=m−1,m

((
n+m− 1

m− 1

)
+m− 1

)

log

((
n+m− 1

m− 1

)
+m− 1

)
+

((
mn

n− 1

)
+m− 1

)
log

((
n+m

m

))
+

(
n+m

m

)
log

(
n+m

m

)]
.
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Proof. Since Fm,n ≃ Km ∨ Pn, by Theorem 3.9 it follows that,

P (Fm,n, y) = P (Km ∨ Pn; y)

= (1 +
m

y
)P (Km, y) + (1 + 0)P (Pn, y) + ((y + 1)m − 1)((y + 1)n − 1)

= (y +m)ym−1 + ((y + 1)n − 1)(y + 1)m.

SinceP (Fm,n, y) = (y+m)ym−1+((y+1)n−1)(y+1)m, (γp)s(Fm,n) = (2n−1)2m+m+1. Now,
expand P (Fm,n, y) to get the coefficients of yi. First, expand (y+1)n − 1 = ny+

(
n

2

)
y2 + · · ·+ yn

and (y+1)m = 1+my+

(
m

2

)
y2+ · · ·+ym. Therefore, P (Fm,n, y) = ym+mym−1+(ny+

(
n

2

)
y2+

· · ·+ yn)(1 +my +

(
m

2

)
y2 + · · ·+ ym).

Then the coefficients of yi in P (Fm,n, y) are derived as follows:

for i ̸= m− 1,m, the coefficient of yi is
i∑

k=0

(
n

k

)(
m

i− k

)
− 1 =

(
n+m

i

)
− 1.

For i = m− 1, the coefficient of yi ism+

m−1∑
k=0

(
n

k

)(
m

(m− 1)− k

)
− 1 = m+

(
n+m− 1

m− 1

)
− 1.

For i = m, the coefficient of yi is 1 +
m∑

k=0

(
n

k

)(
m

m− k

)
− 1 =

m∑
k=0

(
n

k

)(
m

k

)
=

(
n+m

m

)
.

Therefore from the above, we get,

pi(Fm,n) =

(
n+m

i

)
− 1, for 1 ≤ i ≤ mn, i ̸= m− 1,m,

pi(Fm,n) =

(
n+m− 1

m− 1

)
+m− 1, for i = m− 1,

pi(Fm,n) =

(
n+m

m

)
, for i = m.

Also γp(Fm,n) = 1. Hence,

Ipdom(Fm,n) = log((γp)s)−
1

(γp)s

mn∑
i=1

pi(Fm,n) log(pi(Fm,n))

= log ((2n − 1)2m +m+ 1)− 1

(2n − 1)2m +m+ 1

[ mn∑
i=1

i ̸=m−1,m

((
n+m− 1

m− 1

)
+m− 1

)

log

((
n+m− 1

m− 1

)
+m− 1

)
+

((
mn

n− 1

)
+m− 1

)
log

((
n+m

m

))
+

(
n+m

m

)
log

(
n+m

m

)]
.
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4 Comparison of Domination and Power Domination Entropies

Figure 3 displays the graphs used in the numerical experiments in an ascending order based
on their topological complexity (TC), which is determined by adding up all of the adjacencies of
each subgraph [3]. It seems to be a more reliable and is a non-entropy based method of assessing
complexity that makes use of the subgraph count concept. Idom values are extracted from [27]. In
addition, Table 1 lists the power domination entropy alongside the domination entropy for each of
the 21 graphs. The power dominating polynomials of the graphs shown in Figure 3 can be utilised.

Figure 3: 21 simple connected graphs on 5 nodes is arranged in order of topological complexity (TC).

P (1, y) = y5 + 5y4 + 10y3 + 10y2 + 5y,

P (2, y) = y5 + 5y4 + 10y3 + 9y2 + y,

P (3, y) = y5 + 5y4 + 10y3 + 4y2 + y,

P (4, y) = y5 + 5y4 + 10y3 + 10y2 + 5y,

P (5, y) = y5 + 5y4 + 10y3 + 9y2 + 3y,

P (6, y) = y5 + 5y4 + 10y3 + 10y2 + 4y,

P (7, y) = y5 + 5y4 + 10y3 + 10y2 + 3y,

P (8, y) = y5 + 5y4 + 10y3 + 8y2 + y,

P (9, y) = y5 + 5y4 + 10y3 + 10y2 + 5y,

P (10, y) = y5 + 5y4 + 10y3 + 8y2 + y,

P (11, y) = y5 + 5y4 + 10y3 + 10y2 + 2y,

P (12, y) = y5 + 5y4 + 10y3 + 10y2 + 4y,

P (13, y) = y5 + 5y4 + 10y3 + 10y2 + 4y,

P (14, y) = y5 + 5y4 + 10y3 + 10y2 + 4y,

P (15, y) = y5 + 5y4 + 10y3 + 10y2 + 5y,

P (16, y) = y5 + 5y4 + 10y3 + 10y2 + 2y,

P (17, y) = y5 + 5y4 + 10y3 + 10y2 + 5y,
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P (18, y) = y5 + 5y4 + 10y3 + 10y2 + 5y,

P (19, y) = y5 + 5y4 + 10y3 + 10y2 + 4y,

P (20, y) = y5 + 5y4 + 10y3 + 10y2 + 5y,

P (21, y) = y5 + 5y4 + 10y3 + 10y2 + 5y.

The power domination entropy is calculated using the formula defined in Definition 1.9.
Example 4.1. Let G10 be the tenth graph in Figure 3. Then, (γp)s(G10) = 25 and,

Ipdom(G10) = − 1

25
log

(
1

25

)
− 8

25
log

(
8

25

)
− 10

25
log

(
10

25

)
− 5

25
log

(
5

25

)
− 1

25
log

(
1

25

)
= 1.89.

Table 1: Idom, Ipdom and TC of 21 graphs.

Graphs Idom Ipdom TC
1 1.712 2.062 60
2 1.688 1.879 76
3 2.022 1.877 100
4 1.704 2.062 160
5 1.741 2.0176 172
6 1.713 2.0386 290
7 1.712 2.0027 212
8 1.952 1.8907 230
9 1.719 2.062 482
10 1.890 1.8907 292
11 1.719 1.9485 504
12 1.741 2.0386 511
13 1.927 2.0386 566
14 1.709 2.0386 1278
15 1.890 2.062 1316
16 1.719 1.9485 1394
17 1.923 2.062 1396
18 1.863 2.062 3216
19 1.709 2.0386 3290
20 2.001 2.062 7806
21 2.060 2.062 18180

Table 1 offers numerous outcomes that can be obtained. Since the domination polynomial and
power domination polynomial of G10 are equal, all terms of Idom and Ipdom are equal.

Therefore, one can get that Idom(G10) = Ipdom(G10). The value of Ipdom presented in the table
shows that third graph in Figure 3 attains the minimum entropy because the number of power
dominating sets with cardinality 1 and 2 is very low compared to other graphs. The graphs 1,
4, 9, 15, 17, 18, 20, 21, 5, 6, 7, 12, 13, 14, and 19 in Figure 3 have the largest power dominating
entropy measures in the increasing order. The power domination number of these graphs is one.
It is evident that the highest value of the power domination entropy measure is present when the
number of power dominating sets with varying cardinalities is nearly equal.

In the case of a complete graph, Idom and Ipdom are very high and the same, since the domi-
nation polynomial and power domination polynomial of a complete graph are same. The graphs
1 and 7 have the same Idom but different Ipdom. This suggests that there is some similarity in the

284



K. Geethu and A. Parthiban Malaysian J. Math. Sci. 19(1): 269–287(2025) 269 - 287

complexity of the two graphs. Graphs with low complexity are invariably associated with low
entropy values.

Examining Table 1 makes it clear that all of the measures aside from TC are very degenerate
and inadequate at differentiating between structures. The goal of mathematical chemists is to find
a suitable measure that can distinguish each graph individually. This implies that the values of
non-isomorphic networks should differ. If two non-isomorphic graphs are of the same complexity,
it can be difficult to find a suitable complexity measure that would yield a result that is precisely
the same for both non-isomorphic graphs.

5 Conclusions

The domination entropy of cocktail party, barbell, and book graphs is determined in this work.
The power domination entropy is defined using the power dominating sets of graphs and derived
for some graphs, such as cycle, star, path, complete, and so on. The applications of the domina-
tion and power domination polynomials, respectively, yield the number of dominating and power
dominating sets in a graph

There are certain unresolved issues for further research. Investigating the domination and
power domination entropy, similar graph structures can be found in the future, and their domina-
tion and power domination polynomials can be derived. More recently, the roots of domination
and power domination polynomials have been studied and can also be studied for other graphs.
Furthermore, the domination and power domination entropies of maximal and minimal graphs
can also be studied.
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